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Automatic split-generation for the Fukaya category
TIMOTHY PERUTZ1 AND NICK SHERIDAN2
ABSTRACT: We prove a structural result in mirror symmetry for projective Calabi–Yau (CY) man-
ifolds. Let X be a connected symplectic CY manifold, whose Fukaya category F(X) is defined
over some suitable Novikov field K ; its mirror is assumed to be some smooth projective scheme Y
over K with ‘maximally unipotent monodromy’. Suppose that some split-generating subcategory
of (a dg enhancement of) DbCoh(Y) embeds into F(X): we call this hypothesis ‘core homolog-
ical mirror symmetry’. We prove that the embedding extends to an equivalence of categories,
DbCoh(Y) ∼= Dpi(F(X)) , using Abouzaid’s split-generation criterion. Our results are not sensitive
to the details of how the Fukaya category is set up. In work-in-preparation [PS], we establish the
necessary foundational tools in the setting of the ‘relative Fukaya category’, which is defined using
classical transversality theory.
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1 Introduction
1.1 Standing assumptions
Let k be a field of characteristic zero and K := ΛR a Novikov field over k , where R ⊂ R is an additive
subgroup: that is,
K :=


∞∑
j=0
cj · qλj : cj ∈ k, λj ∈ R, limj→∞λj = +∞

 .
Let (X, ω) be a compact, connected, Calabi-Yau symplectic manifold of dimension 2n (‘Calabi-Yau’
here means c1(TX) = 0).
Let Y →M = SpecK be a smooth, projective, Calabi-Yau algebraic scheme of relative dimension n
(‘Calabi-Yau’ here means the canonical sheaf is trivial).
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1.2 The Fukaya category
We consider the Fukaya category of X , denoted F(X). Of course, there are a number of possibilities
in defining the Fukaya category, which depend on various additional choices. We will always restrict
ourselves to definitions where F(X) is a Z-graded, K-linear A∞ category (in particular, the curvature
µ0 vanishes).
In §2, we give a list of properties that we need the Fukaya category F(X) to have in order for our results
to work. We expect these properties to hold very generally, so we do not tie ourselves to a particular
version of the Fukaya category.
It will be proven in [PS] (in preparation) that a version called the relative Fukaya category has all of
these properties, so the range of applicability of our results is not empty. Let us briefly outline what
that construction looks like, so the reader can keep a concrete example in mind.
It depends on a choice of Calabi-Yau relative Ka¨hler manifold: that is, a Calabi-Yau Ka¨hler manifold
(X, ω), together with an ample simple normal crossings divisor D ⊂ X , and a proper Ka¨hler potential h
for ω on X \D: in particular, ω = dα is exact on X \D , where α := dch. Its objects are closed, exact
Lagrangian branes L ⊂ X \ D . Floer-theoretic operations are defined by counting pseudoholomorphic
curves u : Σ → X , with boundary on Lagrangians in X \ D (transversality of the moduli spaces is
achieved using the stabilizing divisor method of Cieliebak and Mohnke [CM07]). These counts of
curves u are weighted by qω(u)−α(∂u) : so the category is defined over K = ΛR , where R contains the
image of the map
H2(X,X \D) → R,
u 7→ ω(u)− α(∂u).
The resulting curved A∞ category is denoted F(X,D)curv . We then define F(X,D), which is an honest
A∞ category (one without curvature): its objects are objects of F(X,D)curv , equipped with bounding
cochains.
The analogues of the necessary properties in the monotone case have also been established in [She13]
(but in that situation, X is not Calabi-Yau so our results do not apply). It is expected that work in
preparation of Abouzaid, Fukaya, Oh, Ohta and Ono [AFO+ ] will prove that the Fukaya category of
an arbitrary symplectic manifold has all of the necessary properties except for that described in §2.8
(which ought to hold in full generality, but is easier to prove for the relative Fukaya category).
We emphasise that, if you want to apply our results to your favourite version of the Fukaya category,
you just need to verify that it has the properties outlined in §2.
1.3 Split-generating the Fukaya category
Now let us recall Abouzaid’s split-generation criterion [Abo10], adapted to the present setting (following
[AFO+ ], see also [RS12] and [She13] for the monotone case). It concerns the open-closed string map:
(1) OC : HH•(F(X)) → QH•+n(X).
Theorem 1.1 Let A be a full subcategory of F(X). If the identity e ∈ QH0(X) lies in the image of
the map
(2) OC|A : HH−n(A) → QH0(X),
then A split-generates F .
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Remark. When X is a Liouville manifold, Theorem 1.1 was proved (for the wrapped Fukaya category)
in [Abo10]. It is expected to be proven in full generality in [AFO+ ].
There is also a dual version, involving the closed-open string map:
CO : QH•(X) → HH•(F(X)).
Theorem 1.2 Let A be a full subcategory of F(X). If the map
CO|A : QH
2n(X) → HH2n(A)
is injective, then A split-generates F .
Remark. Theorem 1.2 is expected to be proven for Fukaya categories of compact symplectic manifolds
in [AFO+ ].
In §3.1, we explain how Theorems 1.1 and 1.2 are proved, in particular, which of the properties from
§2 they rely on.
1.4 Homological mirror symmetry
For any A∞ category C , we denote by ‘twπ C’ the split-closed triangulated envelope (denoted ‘Π(TwC)’
in [Sei08, §4c]).
Let DbdgCoh(Y) be a dg enhancement of the bounded derived category of coherent sheaves DbCoh(Y):
we regard it as a Z-graded, K-linear, triangulated A∞ category. Because Y is projective, the dg
enhancement is unique up to quasi-equivalence, by [LO10, Theorem 8.13]. It is split-closed, in the A∞
sense (see [Sei14, Lemma 5.3]).
Definition 1.3 X and Y are said to be homologically mirror if there exists an A∞ quasi-equivalence
of K-linear, Z-graded, triangulated, split-closed A∞ categories
ψ : twπ F(X) → DbdgCoh(Y).
Here, ‘twπ ’ denotes the split-closed triangulated envelope (see [Sei08, §4c]).
1.5 Maximally unipotent monodromy
We can think of Y → M as a family of k-schemes parametrized by M: there is an associated
Kodaira–Spencer map
KSclass : TM→ H1(Y,T Y),
where TM := DerkK is the k-relative tangent space, and T Y is the K-relative tangent sheaf (see
§A.6 for a definition of KSclass ).
Definition 1.4 We say that Y →M is maximally unipotent if
KS(∂q)n 6= 0.
Here, n is the relative dimension of Y →M , and the power is taken with respect to the natural product
on the tangential cohomology,
HT•(Y) := H•(Y,∧• T Y).
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Example 1.5 Suppose k = C and K = ΛZ = C ((q)). Let T denote the monodromy of the family Y
about q = 0, acting in the middle algebraic de Rham cohomology HnDR(Y/M). By the ‘monodromy
theorem’, one has T = TsTu = TuTs , where Ts has finite order, and (Tu − 1)n+1 = 0. Recall that the
family is said to have maximally unipotent monodromy if Ts = I (so T = Tu ) and (T − 1)n 6= 0 (see,
e.g., [CK99, §5.2]). If the family has maximally unipotent monodromy, then it is maximally unipotent
in the sense of Definition 1.4 (hence the name).
Remark. If X and Y are a Calabi-Yau mirror pair (in the sense of Hodge theoretic mirror symmetry
[CK99]), then Y will always be maximally unipotent. Indeed, T is conjugate to exp(−2πiRes(∇d/dq)),
and so it suffices to show that Res(∇d/dq) is nilpotent of exponent precisely n. The mirror to this
statement is the obvious fact that [ω] ∈ H•(X;C) is nilpotent of exponent precisely n, by nondegeneracy
of ω . Note that we use the classical (not quantum) product since we are working at the q = 0 limit
(see [CK99, §8.5.3]).
1.6 Main theorem
Definition 1.6 Let X and Y be as in §1.1, and Y be maximally unipotent. We say that such X and Y
satisfy core HMS if there exists a diagram
F(X)
⊃
DbdgCoh(Y)
⊃
A
ψ // B
where
(1) B ⊂ DbdgCoh(Y) is a full subcategory which split-generates;
(2) A ⊂ F(X) is a full subcategory; and
(3) ψ : A→ B is a quasi-equivalence of A∞ categories.
For the purposes of the following theorem, we assume that the Fukaya category F(X) has the properties
outlined in §2.2.
Theorem A Suppose that X and Y satisfy core HMS. Then A split-generates F(X). It follows that X
and Y are homologically mirror (via a quasi-equivalence extending ψ ).
We now record a further result. The following definition is from [Gan13]:
Definition 1.7 If the identity e ∈ QH0(X) lies in the image of the open-closed map (1), then we say
that F(X) is non-degenerate.
Theorem B Let X and Y be as in §1.1, and Y be maximally unipotent. If X and Y are homologically
mirror, then F(X) is non-degenerate.
The importance of Theorem B is that, with some further work, non-degeneracy is sufficient for the
closed-open and open-closed maps to be isomorphisms. This was proved in [Gan13] in the case of
Liouville manifolds, and will be extended in [GPS15] (in preparation) in the case at hand.
Theorems A and B will be proved in §4.4. The basic idea of the proof of Theorem A is this: check that
A satisfies the hypothesis of Theorem 1.2, by transferring it (via core HMS) to an equivalent hypothesis
on B, which turns out to be equivalent to maximal unipotence of Y . The idea for Theorem B is similar.
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1.7 The relative and absolute Fukaya categories
Let us make one remark on potential applications of our results to symplectic topology. As we mentioned
in §1.2, when X is equipped with an appropriate divisor D (possibly normal-crossings), one can define
the relative Fukaya category F(X,D) [Sei02, She15b, PS]: its objects are exact Lagrangian branes in
the complement of D . One can also define the absolute Fukaya category F(X) [FOOO09, AFO+ ]. Its
objects are Lagrangian branes in X .
Conjecture 1.8 (compare [She15b, Assumption 8.1]) There is an embedding of A∞ categories
(3) F(X,D) ⊂ F(X)
(possibly after extending the coefficients of F(X,D) to a larger Novikov field). The embedding respects
open-closed string maps.
The embedding (3) appears far from being essentially surjective, as its image consists of Lagrangian
branes in X which are exact in the complement of D: a very restricted class.
Clearly, the absolute Fukaya category F(X) is more complicated and interesting from the point of
view of symplectic topology: it’s harder to understand Lagrangians in X than it is to understand exact
Lagrangians in X \ D . Nevertheless, observe the following. If A ⊂ F(X,D) satisfies the hypothesis
of the split-generation criterion Theorem 1.1, then the image of A under the embedding (3) will also
satisfy the hypothesis of the split-generation criterion (since the embedding respects open-closed maps),
and hence split-generate.
Now suppose that we have established core HMS for the relative Fukaya category: A ⊂ F(X,D) is a full
A∞ subcategory which is quasi-equivalent to a split-generating full dg subcategory B ⊂ DbdgCoh(Y).
Theorem A implies that A split-generates F(X,D): in fact, the proof shows that it satisfies the hypothesis
of Theorem 1.1. It follows that the image of A under (3) split-generates F(X), so in fact we have a
quasi-equivalence
(4) twπ F(X) ∼= DbdgCoh(Y).
In particular, homological mirror symmetry holds for the absolute Fukaya category F(X), not just for
the relative Fukaya category F(X,D).
Hence, to prove homological mirror symmetry for the absolute Fukaya category (4), it suffices to
separate the problem into two parts:
(1) Prove core HMS for the relative Fukaya category;
(2) Prove Conjecture 1.8.
Part (1) can be approached by following the blueprint ‘compute the exact Fukaya category of X \ D ,
then solve the deformation problem when one plugs the divisor back in’, first outlined in [Sei02].
This has been carried out for the quartic K3 surface in [Sei14] and for higher-dimensional Calabi-Yau
hypersurfaces in projective space in [She13] (with the caveat that the mirror is a category of equivariant
coherent sheaves on a scheme with maximally unipotent monodromy in those cases, so some minor
alterations to our arguments are necessary). In many cases [She15b, PS], the pseudoholomorphic curve
theory involved in part (1) can be treated using the stabilizing divisor method.
Part (2) is a foundational question, about how one sets up one’s moduli spaces of pseudoholomorphic
curves, and has nothing to do with mirror symmetry. If one constructs the relative Fukaya category and
the absolute Fukaya category within the same analytic framework, it may be rather trivial (compare
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the argument in the monotone case [She13]). However, the relative Fukaya category used in [She15b,
PS] is constructed using stabilizing divisors, which while they have the advantage of making the
pseudoholomorphic curve theory classical, have the disadvantage of not extending in any straightforward
way to give a construction of the absolute Fukaya category (although see [CW15]): so to achieve part
(2), one would have to relate the stabilizing divisor framework to the Kuranishi space framework of
[FOOO09, AFO+ ], which we have not done. This is a crucial step if one wants to turn homological
mirror symmetry for the relative Fukaya category (such as the result proved in [She15b], where part
(2) was labelled as an assumption with no claim of proof) into homological mirror symmetry for the
absolute Fukaya category, and hence say something about the symplectic topology of X .
1.8 Applications
The case that X is a Calabi-Yau Fermat hypersurface in projective space, and D the intersection of X
with the toric boundary of projective space, was considered in [She15b]. Core HMS was proved for a
certain full subcategory A ⊂ F(X,D), consisting of a configuration of Lagrangian spheres in X \ D .
Split-generation was proved (based on the assumption, without proof, that the relative and absolute
Fukaya categories are related as explained in the previous section), by explicitly computing HH•(A)
then applying Theorem 1.2. The results in this paper remove the need for this explicit computation
of HH•(A) (by transferring it to the algebraic geometry side by core HMS, where it is known by the
Hochschild-Kostant-Rosenberg isomorphism), and formalize the whole argument.
Core HMS has been proved for the full subcategory A ⊂ F(T∗B/T∗BZ) of Lagrangian sections of a
non-singular SYZ torus fibrations with base an integral affine manifold B [KS01]. The mirror is the
dual torus fibration, interpreted as a rigid analytic space rather than as a scheme, and A is mirror to the
category of vector bundles (which split-generates the derived category of coherent sheaves, because the
mirror space is smooth). In the case of abelian varieties, one can prove a similar result, interpreting
the mirror instead as an abelian variety [Fuk02]. Assuming that the Fukaya category can be shown
to satisfy the properties axiomatised in §2 in this case, our arguments (with appropriate modifications
if the mirror is a rigid analytic manifold) should complete these core HMS results to a full proof of
homological mirror symmetry (for products of elliptic curves, this was carried out by a different method
in [AS10]). This allows one to study Lagrangians which are not sections of the torus fibration, in terms
of coherent sheaves on the mirror space.
More generally (i.e., allowing for singularities in the Lagrangian torus fibration), a sketch proof of core
HMS on the cohomology level is outlined for Gross-Siebert mirror pairs in [ABC+09, Chapter 8].
The subcategory A consists of an infinite family of sections of the Lagrangian torus fibration, which
are mirror to the powers O(r) of the ample sheaf O(1) on the mirror variety (which split-generate the
derived category of coherent sheaves). Assuming the Fukaya category can be shown to satisfy the
properties axiomatised in §2 in this case, and that the sketch proof of core HMS can be turned into an
actual proof, our arguments should complete this core HMS result to a full proof of homological mirror
symmetry for Calabi-Yau Gross-Siebert pairs.
1.9 Acknowledgments
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2 The Fukaya category
Let X and K be as in §1.1. We will give a list of properties that we need the Fukaya category F(X) to
have in order for our results to work.
2.1 Quantum cohomology
Quantum cohomology QH•(X) := H•(X;K) as a K-vector space; the grading is the standard one. It is
equipped with the graded, K-linear quantum cup product ⋆, defined by counting pseudoholomorphic
spheres u : CP1 → X , weighted by qω(u) ∈ K . It is associative and supercommutative, and the identity
element e ∈ H•(X;K) is also an identity for ⋆. It is a Frobenius algebra with respect to the Poincare´
pairing:
〈α ⋆ β, γ〉 = 〈α, β ⋆ γ〉.
Remark. These properties have been established for the quantum cohomology of a semipositive
symplectic manifold in, for example, [MS04].
2.2 Fukaya category
The Fukaya category F(X) is a Z-graded, K-linear, cohomologically unital, proper A∞ category (in
particular, it has no curvature: µ0 = 0). Henceforth in this section we will abbreviate it by F .
Remark. When X is a Liouville manifold, the Fukaya category was constructed in [Sei08]. In the
completely general case, a construction of the Fukaya category allowing for a single Lagrangian object
was given in [FOOO09].
2.3 Closed-open string map
There is a graded map of K-algebras,
CO : QH•(X) → HH•(F).
For any object L of F , there is a map of K-algebras HH•(F) → Hom•
F
(L,L); composing CO with this
map yields a graded map of K-algebras, which we denote by
CO
0 : QH•(X) → Hom•F(L,L).
This map is unital (the map CO ought also to be unital, but we don’t need that).
Remark. The idea that there should exist an algebra isomorphism between QH•(X) and HH•(F) goes
back to [Kon95]. CO was constructed (under the name q1,k , and allowing only for a single Lagrangian)
in [FOOO09, §3.8]. The conjecture that it ought to be an algebra homomorphism is mentioned in
[FOOO10, §6]. When X is a Liouville manifold, the construction of CO (and the fact that it ought to
be a homomorphism of Gerstenhaber algebras) was explained in [Sei02]. In this context it is a map
from symplectic cohomology to Hochschild cohomology of the wrapped Fukaya category (see also
[Gan13]).
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2.4 Open-closed string map
There is a graded map of QH•(X)-modules
OC : HH•(F) → QH•+n(X),
where HH•(F) acquires its QH•(X)-module structure via the map CO, and its natural HH•(F)-module
structure.
Remark. OC was constructed (under the name p, and allowing only for a single Lagrangian) in
[FOOO09, §3.8]. When X is a Liouville manifold, OC was constructed (from Hochschild homology
of the wrapped Fukaya category to symplectic cohomology) in [Abo10]. It was proved to be a module
homomorphism in the same setting in [Gan13] and (in the convex monotone case) in [RS12].
2.5 Weak proper Calabi-Yau structure
We define [φ] ∈ HHn(F)∨ by
[φ](α) := 〈OC(α), e〉.
[φ] is an n-dimensional weak proper Calabi-Yau structure on F : that is, the pairing
Hom•F(K,L)⊗ Homn−•F (L,K)
[µ2]
→ HomnF(K,K) → HHn(F)
[φ]
→ K
is non-degenerate. As a consequence, it induces an isomorphism
(5) HH•(F) → HH•(F)∨[−n]
that sends α 7→ [φ] ∩ α (see, e.g., [She13, Lemma A.2]).
The closed-open and open-closed string maps respect the induced duality map (5), in the sense that the
following diagram commutes:
QH•(X) α7→〈α,−〉 //
CO

QH•(X)∨[−2n]
OC∨

HH•(F) (5) // HH•(F)∨[−n].
Remark. There is a notion of ‘strict cyclicity’ of an A∞ category, which is strictly stronger than a
weak proper Calabi-Yau structure; the Fukaya endomorphism A∞ algebra of a single Lagrangian was
shown to be strictly cyclic in [Fuk10]. The construction of the weak proper Calabi-Yau structure [φ]
was outlined for the exact Fukaya category in [Sei08, §12j], see also [Sei10, §5].
2.6 Coproduct
Let Y lK denote the left Yoneda module over F corresponding to an object K , let YrK denote the right
Yoneda module over F corresponding to K , and let F∆ denote the diagonal (F,F) bimodule. The
coproduct is a morphism of (F,F) bimodules,
∆ : F∆ → Y
l
K ⊗K Y
r
K .
Remark. When X is a Liouville manifold, the coproduct was constructed (for the wrapped Fukaya
category) in [Abo10].
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2.7 Cardy relation
The diagram
HH•(F)[n] OC //
HH•(∆)

QH•(X)
CO0

HH•(Y lK ⊗K YrK)
H∗(µ) // Hom•
F
(K,K)
commutes up to a sign (−1)n(n+1)/2 .
Remark. When X is a Liouville manifold, this version of the Cardy relation was proved (for the
wrapped Fukaya category) in [Abo10].
2.8 Kodaira–Spencer maps
We recall the definition of the categorical Kodaira–Spencer map for a K-linear A∞ category C:
KScat : DerkK → HH
2(C)
KScat(ξ) := ξ(µ∗),
where µ∗ denotes the A∞ structure maps, written with respect to a choice of K-basis for each morphism
space in C (see [She15a, §3.5]; this class is closely related to the Kaledin class [Kal07, Lun10]).
We have
(6) CO([ω]) = KScat(q∂q) ∈ HH2(F),
where [ω] ∈ QH2(X) is the class of the symplectic form.
3 Split-generation
3.1 Abouzaid’s argument
Assume that the results of Sections 2.1, 2.2, 2.3, 2.4, 2.6 and 2.7 hold.
Theorem 3.1 (Theorem 1.1) Let A be a full subcategory of F(X). If the identity e ∈ QH0(X) lies in
the image of the map
(7) OC|A : HH−n(A) → QH0(X),
then A split-generates F(X).
Proof The proof is identical to that of [Abo10, Theorem 1.1].
Now assume that the results of §2.5 hold.
Theorem 3.2 (Theorem 1.2) Let A be a full subcategory of F(X). If the map
(8) CO|A : QH2n(X) → HH2n(A)
is injective, then A split-generates F(X).
Proof By §2.5, (8) is dual to (7). In particular, if the former is injective, the latter is surjective, hence
contains the identity e in its image. The result follows by Theorem 1.1.
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3.2 The Kodaira–Spencer map and split-generation
Now assume that the results of §2.8 hold.
Definition 3.3 We say that a K-linear A∞ category A is n-potent if
KScat(∂q)∪n 6= 0,
where ∪ denotes the Yoneda product on HH•(A).
Theorem 3.4 Let X be as in §1.1: connected, Calabi-Yau, and 2n-dimensional; and let A ⊂ F(X) be
a full subcategory. If A is n-potent, then A split-generates F(X).
Proof By the results of §2.8,
CO([ω]) = KScat(q∂q) ∈ HH2(A).
Because CO is an algebra homomorphism by §2.3,
(9) CO ([ω]⋆n) = KScat(q∂q)∪n ∈ HH2n(A).
Because A is n-potent, this class is non-zero. Because X is connected and 2n-dimensional, QH2n(X)
has rank 1, so the fact that (9) is non-zero implies that (8) is injective. The result follows by Theorem
1.2.
Remark. Theorem 3.4 does not hold if we violate our standing assumption that F(X) is Z-graded,
which can only be expected when X is Calabi-Yau (for example, when X is monotone, the best one can
hope for is that the grading group is Z/2N ). That is because the proof crucially uses the fact that QH2n
is 1-dimensional, which need not hold for other grading groups. However, Theorem 1.2 may still be
applied (compare [She13]).
4 Hochschild–Kostant–Rosenberg
4.1 The HKR isomorphism
Let Y → M be as in §1.1. The tangential cohomology of Y is defined to be the cohomology of the
sheaf of polyvector fields:
HT•(Y) :=
⊕
p+q=•
Hp(Y,∧q T Y);
it is a graded K-algebra, via wedge product of polyvector fields. Swan [Swa96] defines the Hochschild
cohomology of Y to be
HH•(Y) := Ext•Y×Y(∆∗OY ,∆∗OY),
where ∆ : Y → Y × Y is the diagonal embedding. It is a graded K-algebra, via the Yoneda product.
The Hochschild–Kostant–Rosenberg isomorphism [HKR62, GS88a, Swa96, Yek02] is an explicit quasi-
isomorphism
∆
∗
∆∗OY →
⊕
q
Ω
q
Y[q],
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which induces an isomorphism
(10) HKR : HT•(Y) → HH•(Y)
(see [Ca˘l05, Corollary 4.2]).
There is also an isomorphism [LV05, Toe¨06]
(11) HH•(Y) ∼= HH•(DbdgCoh(Y)).
Composing the two yields an isomorphism
HKRcat : HT•(Y) → HH•(DbdgCoh(Y)),
which we call the categorical HKR isomorphism.
4.2 The categorical HKR map and deformation theory
We have the classical Kodaira–Spencer map (we recall the definition in Section A.6)
KSclass : DerkK→ H1(Y,T Y) ⊂ HT2(Y),
and the categorical Kodaira–Spencer map [She15a, §3.5]
KScat : DerkK→ HH
2(DbdgCoh(Y)).
These classes are related in the expected way:
Proposition 4.1 We have
HKRcat ◦ KSclass = KScat.
We were not able to locate a proof of this result in the literature, although the statement will surprise
no-one: we present a proof in Appendix A.
4.3 The twisted HKR map
This isomorphism HKR does not respect the algebra structures: this can be ‘corrected’ by twisting by
the square root of the Todd class. Thus, one defines
I∗ : HT•(Y) → HH•(Y)
I∗(α) := HKR
(
td1/2Y ∧ α
)
.
The map I∗ respects the algebra structure (see [CV10, Corollary 1.5]; this result was first claimed in
[Kon03, Section 8.4], see also [Ca˘l05, Claim 5.1]).
The isomorphism (11) respects the algebra structure: so composing it with I∗ yields an algebra
isomorphism
I∗cat : HT
•(Y) → HH•(DbdgCoh(Y));
this should be regarded as the mirror to the closed–open map CO.
Corollary 4.2 When Y has trivial canonical sheaf,
(12) I∗cat ◦ KSclass = KScat.
Proof When Y has trivial canonical sheaf, the degree-2 component of td1/2Y vanishes; so the maps
HKR, I∗ : H1(T Y) → HH2(Y)
coincide. The result then follows immediately from Proposition 4.1.
Automatic split-generation for the Fukaya category 13
4.4 Proofs of Theorems A and B
Let X and Y be as in §1.1, and Y be maximally unipotent.
Theorem 4.3 (Theorem B) If such X and Y are homologically mirror, then F(X) is non-degenerate.
Proof Because Y is maximally unipotent, KSclass(∂q)n 6= 0. Because Y has trivial canonical sheaf by
hypothesis, we have
I∗cat(KSclass(∂q)) = KScat(∂q)
by Corollary 4.2. Because I∗cat is an algebra isomorphism, it follows that
0 6= I∗cat
(
KSclass(∂q)n
)
= KScat(∂q)∪n.
In particular, DbdgCoh(Y) is n-potent (Definition 3.3).
Because Hochschild cohomology and the categorical Kodaira–Spencer map are Morita invariant (see,
e.g., [She15a, §4.4] for Morita invariance of KScat ), it follows from homological mirror symmetry that
F(X) is n-potent. As in the proof of Theorem 3.4, this implies that CO is non-zero in degree 2n, and
hence (dually) that OC is non-zero in degree 0, and hence that the identity e ∈ QH0(X) is in the image:
so F(X) is non-degenerate.
Theorem 4.4 (Theorem A) Suppose that core HMS (Definition 1.6) holds. Then A split-generates
F(X).
Proof As in the proof of Theorem B, one proves that DbdgCoh(Y) is n-potent. Core HMS requires a
split-generating subcategory B ⊂ DbdgCoh(Y). The restriction map HH•(DbdgCoh(Y)) → HH•(B) is an
isomorphism, by Morita invariance of Hochschild cohomology; so B is n-potent.
Core HMS also requires a subcategory A ⊂ F(X) that is quasi-equivalent to B; by Morita invariance
of the categorical Kodaira–Spencer map, it follows that A is n-potent. Hence, by Theorem 3.4, A
split-generates F(X).
A The Hochschild–Kostant–Rosenberg isomorphism and the Kodaira–
Spencer map
The aim of this appendix is to prove the following:
Proposition A.1 (Proposition 4.1) For any ξ ∈ DerkK , the isomorphism
HKRcat : HT•(Y) → HH•(DbdgCoh(Y))
takes KSclass(ξ) to KScat(ξ).
Let us give a preview of the proof. We recall the construction of the isomorphism HKRcat . First, we
have the HKR isomorphism [HKR62, Swa96, Yek02]
HKR : HT•(Y) → Ext•Y×Y (∆∗OY ,∆∗OY ).
Next, we have the isomorphism
Ext•Y×Y(∆∗OY ,∆∗OY ) ∼= Ext•a-bimod(a,a)
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(see [Swa96, Theorem 3.1]). Here, we fix an open affine cover of Y , and a is the corresponding
diagram of K-algebras of functions, in the sense of Gerstenhaber and Schack (see [GS88a, §28]).
Next, we have the isomorphism
Ext•
a-bimod
(a,a) ∼= Ext•
a!-bimod(a!,a!),
where a! is the ‘diagram algebra’: this is the ‘special cohomology comparison theorem’ of Gerstenhaber
and Schack [GS83, GS88b].
Next, we have the isomorphism
Ext•
a!-bimod(a!,a!) ∼= H•ab(a-mod),
where the latter is Lowen and Van den Bergh’s Hochschild cohomology of the abelian category a-mod:
see [LV05, Theorem 7.2.2].
Finally, we have the isomorphisms
H•ab(a-mod) ∼= H•ab(Coh(Y)) ∼= HH•(DbdgCoh(Y)),
proved in [LV05, Corollary 7.7.3 and Theorem 6.1].
For each of these Hochschild cohomology-type algebras, we define a ‘deformation class’ associated
to ξ (equal to KSclass(ξ) in HT2(Y), and to KScat(ξ) in HH2(DbdgCoh(Y))), and prove that each
isomorphism in the chain respects deformation classes. In fact, up until the categories start appearing
(with H•ab(a-mod)), we associate a deformation class to an arbitrary first-order deformation of the
scheme Y , of which the deformations associated to a derivation of the base are a special case.
A.1 Deformations of algebras
We begin the proof of Proposition A.1 with local considerations, based on an account by Bezrukavnikov–
Ginzburg [BG07].
Let K be a field, and a an associative K-algebra. The multiplication map
ma : a⊗K a→ a
is a surjective map of (a, a)-bimodules. Define Ia := ker ma as an (a, a)-bimodule; it is isomorphic to
the space of (K-relative) noncommutative 1-forms Ωnca [CQ95]. The map
d : a→ Ωnca , dx = x⊗ 1− 1⊗ x
is the universal noncommutative derivation of a (i.e., the universal map d′ : a → B , where B is an
(a, a) bimodule, satisfying d′(x · y) = d′x · y+ x · d′y).
If a is commutative, then Ωa ∼= Ia/I2a is the space of commutative 1-forms: the induced map d : a→ Ωa
is the universal commutative derivation of a (i.e., the universal map d′ : a→ B , where B is an a-module,
satisfying d′(x · y) = x · d′y+ y · d′x).
The Atiyah class. The short exact sequence of bimodules
(13) 0 → Ωnca → a⊗ a→ a→ 0
gives rise to a morphism a → Ωnca [1] in the derived category of (a, a)-bimodules: this morphism is
called the noncommutative Atiyah class, and denoted
Atnca ∈ Ext
1
a-bimod(a,Ωnca ).
If a is commutative, we consider the short exact sequence of bimodules
(14) 0 → Ωa → a⊗ a/I2a → a→ 0,
which gives rise to the commutative Atiyah class
Ata ∈ Ext
1
a-bimod(a,Ωa).
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The Kodaira–Spencer class. Let V be a finite-dimensional K-vector space, and
Kε := K[V]/V2 ∼= K⊕ V∗.
Let A be a Kε -deformation of a , i.e., a free Kε -algebra equipped with a K-algebra isomorphism
A⊗Kε K
∼= a . Thus one has a surjective homomorphism f : A→ a with kernel isomorphic to V∗ ⊗ a ,
and squaring to 0. This gives rise to a short exact sequence of (a, a) bimodules [CQ95, Corollary 2.11]
(15) 0 → V∗ ⊗ a 1⊗d⊗1−−−−→ a⊗A ΩncA ⊗A a
f⊗f
−−→ Ωnca → 0.
This yields a map Ωnca → V∗ ⊗ a[1] in the derived category of (a, a)-bimodules: this morphism is
called the noncommutative Kodaira–Spencer class, and denoted
θncA ∈ Ext
1
a-bimod(Ωnca ,V∗ ⊗ a).
Now we consider the case that a and A are commutative: the analogue of (15) is the conormal short
exact sequence of a-modules
(16) 0 → V∗ ⊗ a→ a⊗A ΩA → Ωa → 0,
which yields the commutative Kodaira–Spencer class
θA ∈ Ext
1
a-mod(Ωa,V∗ ⊗ a).
The deformation class. Bezrukavnikov and Ginzburg define the deformation class of A to be the
composition of the Atiyah and Kodaira–Spencer classes in the derived category of (a, a)-bimodules:
defa(A) := θA ◦ Ata ∈ Ext2a-bimod(a,V∗ ⊗ a).
It is represented by the 2-extension that is the splicing of the extensions defining Ata and θA :
(17) 0 → V∗ ⊗ a→ a⊗A ΩncA ⊗A a→ a⊗ a→ a→ 0.
When a and A are commutative, we have an alternative description of the deformation class, in terms
of the commutative Atiyah and Kodaira–Spencer classes. Namely, we apply the obvious exact functor
a-mod→ a-bimod to the short exact sequence (16), and splice it with the short exact sequence (14) to
obtain the 2-extension
(18) 0 → V∗ ⊗ a→ a⊗A ΩA → a⊗ a/I2a → a→ 0.
There is an obvious homomorphism of exact sequences of (a, a) bimodules from (17) to (18), equal
to the identity on both ends: so these 2-extensions give rise to the same class in Ext2a-bimod(a, a).
In particular, the 2-extension (18) is an alternative description of the deformation class, valid in the
commutative case.
Cocycle representing the deformation class. Classically, the deformation class was defined by
giving an explicit Hochschild cocycle associated to the deformation. To obtain a cochain complex
computing Ext2a-bimod(a,V∗ ⊗ a), we replace the diagonal bimodule by its bar resolution B•(a), where
Bq(a) = a⊗q+2 . This gives the Hochschild cochain complex
CC•(a,V∗ ⊗ a) := Homa-bimod(B•(a),V∗ ⊗ a)
∼=
∏
q≥0
HomK
(
a⊗q,V∗ ⊗ a
)
equipped with the Hochschild differential δ .
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To obtain a cocycle in this complex that represents defa(A), one chooses a K-vector space splitting
A
// //
a
s
oo❴ ❴ ❴ ,
which induces an isomorphism of K-vector spaces
A ∼= a⊕ V∗ ⊗ a.
The multiplication then takes the form
(19) mA(a⊕ v · b, c ⊕ w · d) = ma(a, c) ⊕ βA(a, c) + v · ma(b, c) + w · ma(a, d).
The map βA : a ⊗ a→ V∗ ⊗ a is a Hochschild 2-cocycle (because mA is associative), hence defines a
class
[βA] ∈ Ext2a-bimod(a,V∗ ⊗ a).
Bezrukavnikov and Ginzburg state that this class coincides with their definition of the deformation class
defa(A): we write down a proof, since we will want to extend the proof to a more general setting in the
next section.
Lemma A.2 We have [βA] = defa(A).
Proof The 2-extension (17) defining defa(A) gives rise to a morphism a → V∗ ⊗ a[2] in the derived
category of (a, a) bimodules via the following diagram:
0 // a // 0
0 // V∗ ⊗ a //
id

a⊗A Ω
nc
A ⊗A a
// a⊗ a //
ma
OO
0
0 // V∗ ⊗ a // 0.
Namely, the map ma (viewed as a map of complexes as indicated by the diagram) is a quasi-isomorphism
by exactness of (17), hence can be inverted in the derived category, so we obtain the morphism
a→ V∗ ⊗ a[2].
On the other hand, we can replace a with B•(a), and write down an explicit chain map inverting the
quasi-isomorphism ma :
. . . // a⊗ a⊗ a⊗ a //
βA

a⊗ a⊗ a //
ds

a⊗ a //
id

0
0 // V∗ ⊗ a // a⊗A ΩncA ⊗A a // a⊗ a // 0.
Here,
ds : a⊗ b⊗ c 7→ a⊗ ds(b) ⊗ c,
and
βA : a⊗ b⊗ c⊗ d 7→ a · βA(b, c) · d.
One easily verifies that this is a chain map (for this, it is helpful to observe that
βA(a, b) = s(a) · s(b)− s(a · b),
as follows immediately from (19)). It also inverts ma : this follows from the fact that the augmentation
of the bar resolution is also given by ma . Hence, composing this quasi-inverse with the obvious map to
V∗ ⊗ a , we find the corresponding Hochschild cochain to be βA , as required.
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A.2 Deformations of diagrams
We recall the notion of a diagram of algebras, following Gerstenhaber and Schack [GS88a, §17] (whose
notation and conventions we adopt). Let B be a poset: we regard it as a category, with a unique map
i → j if i ≤ j, and no other maps. If v is a map in B , we denote the domain by dv and the codomain
by cv: so v ∈ B(cv, dv).
A diagram over B is a contravariant functor a : Bop → K-alg. We write ai for a(i), and ϕv for a(v):
so ϕv : acv → adv is a K-algebra homomorphism.
Atiyah class. Gerstenhaber and Schack define an abelian category a-bimod of (a,a)-bimodules,
which has enough projectives and injectives. Applying the construction from the previous section
locally, we have a short exact sequence
(20) 0 → Ωnc
a
→ a⊗ a→ a→ 0,
which defines a map a → Ωnc
a
[1] in the derived category of (a,a)-bimodules; the Atiyah class is the
corresponding class
At
a
∈ Ext1
a-bimod
(a,Ωnc
a
).
Kodaira–Spencer class. Now, let Kε = K[V]/V2 be as in the previous section. A deformation of
a over Kε is a diagram A of Kε -modules over B , equipped with an isomorphism A⊗Kε K ∼= a: so
each Ai is a deformation of ai over Kε . Again, we can apply the construction of the previous section
locally to obtain a short exact sequence
(21) 0 → V∗ ⊗ a→ a⊗
A
Ω
nc
A
⊗
A
a→ Ωnc
a
→ 0,
which defines a map Ωnc
a
→ V∗⊗a[1] in the derived category of (a,a)-bimodules; the Kodaira–Spencer
class is the corresponding class
θ
A
∈ Ext1
a-bimod
(Ωnc
a
,V∗ ⊗ a).
Deformation class. We define the deformation class def
a
(A) := θ
A
◦ At
a
as before: it corresponds
to the 2-extension
(22) 0 → V∗ ⊗ a→ a⊗
A
Ω
nc
A
⊗
A
a→ a⊗ a→ a→ 0.
We regard it as an element of Hom(V,Ext2
a-bimod
(a,a)). If a and A are commutative, then it also
corresponds to the 2-extension
(23) 0 → V∗ ⊗ a→ a⊗
A
Ω
A
→ a⊗ a/I2
a
→ a→ 0.
Cocycle representing the deformation class. In the case of a single algebra, the Hochschild cochain
complex CC•(a,V∗ ⊗ a) has cohomology Ext•a-bimod(a,V∗ ⊗ a), because the bar resolution B•(a) is
a projective resolution of the diagonal (a, a)-bimodule. For a diagram of algebras, the bar resolution
B•(ai) is locally projective (i.e., projective as an (ai,ai)-bimodule for all i), but not projective as
an (a,a)-bimodule. To obtain a projective resolution of a , one must use Gerstenhaber and Schack’s
generalized simplicial bar resolution, denoted S•B•(a) [GS88a, §20].
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The resulting cochain complex is (in the notation of [GS88a, §21])
CCr(a,V∗ ⊗ a) :=
⊕
p+q=r
Hom
a-bimod(SpBq(a),V∗ ⊗ a)
∼=
⊕
p+q=r
∏
dim σ=p
CCq(acσ, |V∗ ⊗ adσ||σ|),
where the product is over all p-dimensional simplices σ in the poset B .
Given a deformation of diagrams A, and a splitting
A
i // //
a
i
si
oo❴ ❴ ❴
for all i (the si can be chosen independently), Gerstenhaber and Schack define a cochain β
A
∈
CC2(a,V∗ ⊗ a). Namely, β
A
has a component for each 0-simplex
β(i)
A
∈ CC2(ai,V∗ ⊗ ai),
β(i)
A
(a, b) := si(a) · si(b)− si(a · b),
and a component for each 1-simplex, i.e., for each morphism v ∈ B(cv, dv):
β(v)
A
∈ CC1(acv,V∗ ⊗ adv),
β(v)
A
(a) = sdv ◦ a(v)−A(v) ◦ scv.
Lemma A.3 We have [β
A
] = def
a
(A).
Proof We follow the proof of Lemma A.2. We replace a by its projective resolution S•B•(a), and
construct a morphism
(24) S•B•(a) → {0 → V∗ ⊗ a→ a⊗Ωnc
A
⊗ a→ a⊗ a→ 0}
whose composition with the augmentation from the right-hand side to a is the augmentation of the
generalized simplicial bar resolution.
Giving a morphism (24) is equivalent to giving a cocycle
β ∈ CC0(a, 0 → V∗ ⊗ a→ a⊗ Ωnc
A
⊗ a→ a⊗ a→ 0).
As proven in [GS88a, §21], this cochain complex is isomorphic to∏
i
CC2(ai,V∗ ⊗ ai)⊕ CC1(ai,ai ⊗ Ωnc
A
i ⊗ ai)⊕ CC0(ai,ai ⊗ ai)(25)
⊕
∏
i v→j
CC1(aj,V∗ ⊗ ai)⊕ CC0(aj,ai ⊗ Ωnc
A
i ⊗ ai)(26)
⊕
∏
i v→j w→k
CC0(ak,V∗ ⊗ ai).(27)
The differential on this complex has three components:
δ = δ′ + δ′′ + δ′′′,
where δ′ is the differential in the simplicial direction (it increases p), δ′′ is the Hochschild differential (it
increases q), and δ′′′ is composition with the differential in the complex 0 → V∗⊗a→ a⊗Ωnc
A
⊗a→
a⊗ a→ 0.
The morphism β we construct has a component β0,2 ⊕ β0,1 ⊕ β0,0 in (25): it coincides with the
construction in the proof of Lemma A.2, applied to the individual deformations Ai with splittings si
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(in particular, β0,2 is the product of the cochains β(i)
A
defined above). It also has a component β1,1 ⊕ 0
in (26): this is the product of the cochains β(v)
A
defined above. The component β2,0 in (27) vanishes.
To prove that this β is a cocycle, we must show that
(δ′ + δ′′ + δ′′′)(β0,2 + β0,1 + β0,0 + β1,1) = 0.
It follows from the proof of Lemma A.2, applied to each individual deformation Ai , that
(δ′′ + δ′′′)(β0,2 + β0,1 + β0,0) = 0.
So it remains to check that
δ′(β0,2 + β0,1 + β0,0)+ (δ′ + δ′′ + δ′′′)(β1,1) = 0.
Indeed, one easily verifies that
δ′β0,2 + δ′′β1,1 = 0,
δ′β0,1 + δ′′′β1,1 = 0,
δ′β0,0 = 0,
δ′β1,1 = 0.
Therefore, β defines a chain map. Because β0,0 = e ⊗ e is the identity, its composition with
the augmentation of the 2-extension coincides with the augmentation of the generalized simplicial
bar resolution. It is clear that the composition with the map to V∗ ⊗ a is the deformation class
β
A
= β0,2 + β1,1 , as required: this completes the proof.
A.3 Derivations on the base
Let Kε := K[ε]/ε2 . Let ξ ∈ DerkK be a k-relative derivation of K . There is a corresponding map of
K-algebras
K → Kε,
k 7→ k + ε · ξ(k).
Hence, to any K-algebra a we can associate a deformation over Kε ,
Aξ := a⊗K Kε,
where Kε is regarded as a K-algebra via the above map. We denote the corresponding deformation
class by
defa(ξ) := defa(Aξ) ∈ Ext2a-bimod(a, a).
If we choose a K-basis for a , we obtain a natural splitting for Aξ : namely,
s(a) := a⊗ 1− ξ(a) ⊗ ε.
Here, ‘ξ(a)’ denotes the map which applies ξ to the coefficients of a with respect to the chosen K-basis.
With respect to this splitting, the deformation cocycle is
βAξ = ξ(ma),
i.e., the matrix with respect to the chosen K-basis is obtained by applying ξ to the matrix of the
multiplication map ma .
The same construction applies to diagrams of K-algebras: given a diagram a and a derivation ξ ∈
DerkK , we obtain a deformation of a over Kε , namely
Aξ := a⊗K Kε,
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and we denote the associated deformation class by
def
a
(ξ) := def
a
(Aξ) ∈ Ext2
a-bimod
(a,a).
Now suppose we choose K-bases for each ai , and form the associated splittings si as above: then we
can write the deformation cocycle β
Aξ
explicitly. It has a component β(i)
Aξ
for each 0-simplex, which
is equal to
ξ(m
a
i ) : ai ⊗ ai → ai,
i.e., the result of applying ξ to the matrix of the multiplication map with respect to the chosen K-basis;
it also has a component β(v)
Aξ
for each 1-simplex, which is equal to
ξ(ϕv) : acv → adv,
i.e., the result of applying ξ to the matrix of the restricting map ϕv , with respect to the chosen K-bases
on the domain and codomain.
The fact that β
Aξ
is a cocycle, and that it represents def
a
(ξ), follow from the results of the previous
section. In this case, the proofs amount to nothing more than applying the product rule to the equations
m
a
i(m
a
i(·, ·), ·) = m
a
i(·,m
a
i (·, ·)) (associativity of ai ), m
a
dv(ϕv(·), ϕv(·)) = ϕv(m
a
dv (·, ·)) (ϕv is an
algebra homomorphism), and ϕuϕv = ϕuv (a is a functor).
A.4 The diagram algebra
Given a diagram of K-algebras a , Gerstenhaber and Schack define the diagram algebra a!, which is
an ordinary K-algebra; and they prove the special cohomology comparison theorem [GS83, GS88b],
which implies that there is an isomorphism
(28) Ext•
a-bimod
(a,a) ∼= Ext•
a!-bimod(a!,a!).
Furthermore, any deformation A of a over Kε induces a deformation of a! over Kε , namely A!; and
the isomorphism (28) takes def
a
(A) to def
a!(A!), as one easily shows from the explicit cochain-level
formula for the isomorphism (28) derived in [GS83, §17].
As a particular case of this, if ξ ∈ DerkK , then the map (28) sends defa(ξ) to defa!(ξ).
A.5 Deformation classes of categories
Let A be a K-linear A∞ category, and ξ ∈ Derk K . We have an associated deformation class
defA(ξ) := KScat(ξ) ∈ HH2(A). It can be defined by giving an explicit cochain-level representative: if
we choose a K-basis for each morphism space in A , and write the matrices of the A∞ structure maps
µ∗ with respect to those bases, then defA(ξ) is represented on the cochain level by v(µ∗). If B ⊂ A is
a full A∞ subcategory, there is an obvious restriction map
CC•(A) → CC•(B),
and it is obvious that this map takes defA(ξ) to defB(ξ). In fact one can check that the deformation
class is a Morita invariant (see [She15a, §4.4]).
In particular, one can consider the special case of an ordinary K-linear category A , i.e., one for which
the A∞ structure maps µs vanish for s 6= 2. Lowen and Van den Bergh [LV05] define the Hochschild
cohomology of an abelian category C to be
H•ab(C) := HH•(InjInd(C));
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we make the obvious definition
defabC (ξ) := def InjInd(C)(ξ).
They prove [LV05, Theorem 7.2.2] that for any diagram a, there is an isomorphism
H•ab(a-mod) ∼= Ext•a!-bimod(a!,a!),
which arises from the restriction map to the single-object subcategory of a-mod consisting of a projective
generator whose endomorphism algebra is a!. It follows that this isomorphism sends defab
a-mod
(ξ) to
def
a!(ξ).
Now let Y be a quasi-projective scheme over K . Let Open(Y) denote the poset of open affine subsets
of Y . Let Y = ∪ni=1Ai be a finite open affine covering of Y , and let B ⊂ Open(Y) be the sub-poset
consisting of AJ := ∩i∈JAi for ∅ 6= J ⊂ {1, . . . , n}. We obtain a diagram of K-algebras a over B ,
namely aJ := OY (AJ), with the obvious restriction maps.
Lowen and Van den Bergh prove [LV05, Corollary 7.7.3] that there is an isomorphism
H•ab(Coh(Y)) ∼= H•ab(a-mod).
The isomorphism respects deformation classes.
Finally, they consider a certain dg enhancement of DbCoh(Y), which they denote eDb(Coh(Y)), and we
will denote DbdgCoh(Y) (recalling that the dg enhancement is unique up to quasi-equivalence). They
prove [LV05, Theorem 6.1] that there is an isomorphism
H•ab(Coh(Y)) ∼= HH•(DbdgCoh(Y)).
The isomorphism respects deformation classes.
A.6 Deformations of schemes
As in the previous section, let Y be a quasi-projective scheme over K . Swan [Swa96] defines the
Hochschild cohomology of Y to be
HH•(Y) := ExtY×Y(∆∗OY ,∆∗OY),
where ∆ : Y →֒ Y × Y is the inclusion of the diagonal.
The construction of the algebraic Atiyah class globalizes. Namely, we have the short exact sequence
(29) 0 → ∆∗Ω1Y → O∆(2)Y → ∆∗OY → 0,
where O∆(2)Y is the second infinitesimal neighbourhood of the diagonal. This short exact sequence
gives rise to a morphism ∆∗OY → ∆∗Ω1Y[1] in DbCoh(Y × Y), whose associated class
AtY ∈ Ext
1
Y×Y(∆∗OY ,∆∗Ω1Y)
is the standard geometric Atiyah class.
The construction of the algebraic Kodaira–Spencer class also globalizes. Let V be a K-vector space,
and Kε := K[V]/V2 as before. Let Y be a deformation of Y over Kε , i.e., a scheme Y over SpecKε ,
equipped with an isomorphism Y ×SpecKε SpecK ∼= Y .
Let i : Y → Y denote the inclusion of the central fibre of the deformation. The conormal short exact
sequence
0 → V∗ ⊗OY → i∗Ω1Y → Ω1Y → 0
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gives rise to a morphism Ω1Y → V∗ ⊗OY [1] in DbCoh(Y), whose associated class
KSY ∈ Ext
1
Y(Ω1Y ,V∗ ⊗OY )
∼= Hom(V,H1(Y,T Y))
is called the Kodaira–Spencer map.
The pushforward short exact sequence
0 → V∗ ⊗∆∗OY → ∆∗i∗Ω1Y → ∆∗Ω1Y → 0
gives rise to a morphism ∆∗Ω1Y → V∗ ⊗∆∗OY in DbCoh(Y × Y). We define the deformation class of
Y , defY(Y) ∈ V∗ ⊗ HH2(Y), to be the composition of these two maps in DbCoh(Y × Y):
defY(Y) := KSY ◦ AtY ∈ Ext2Y×Y(∆∗OY ,V∗ ⊗∆∗OY ).
It follows from a result of Ca˘lda˘raru [Ca˘l05, Proposition 4.4] that for any class α ∈ H1(Y,T Y) ∼=
Ext1Y (Ω1Y ,OY ),
HKR(α) = ∆∗α ◦ AtY ,
so in particular,
(30) HKR ◦ KSY = defY(Y).
The deformation class is represented by the 2-extension
(31) 0 → V∗ ⊗OY → ∆∗i∗Ω1Y → O∆(2)Y → ∆∗OY → 0.
Now, let Y = ∪ni=1Ai a finite open affine covering as in the previous section, and a the associated
diagram of K-algebras. There is an obvious exact functor Coh(Y × Y) → a-bimod, sending F 7→ F ,
where FJ := F(AJ × AJ). It obviously sends ∆∗OY 7→ a . Swan proves [Swa96, Theorem 3.1] that
this functor gives rise to an isomorphism
(32) Ext•Y×Y(∆∗OY ,∆∗OY ) ∼= Ext•a-bimod(a,a).
This functor obviously sends the short exact sequence (31) to the short exact sequence (23) defining the
deformation class in the commutative case. Hence, the isomorphism V∗ ⊗ (32) respects deformation
classes.
As a particular case of the above, let ξ ∈ DerkK: then we obtain a deformation Yξ := Y ×K Kε ,
where Kε is regarded as a K-algebra via a map determined by ξ as in §A.3. We define the classical
Kodaira–Spencer map (which appears in the statement of Proposition 4.1) to be
KSclass : DerkK → H1(Y,T Y)
KSclass(ξ) := KSYξ (1)
(here, ‘1’ is regarded as an element of V ∼= K). We define the deformation class defY(ξ) := defY(Yξ).
It follows from (30) that
HKR(KSclass(ξ)) = defY(ξ).
This completes the proof of Proposition 4.1: we have explicitly identified the isomorphisms
HT•(Y) ∼= HH•(Y) ∼= . . . ∼= HH•(DbdgCoh(Y)),
shown that the first one takes the Kodaira–Spencer class KSclass(ξ) ∈ HT2(Y) to the deformation class
defY(ξ) ∈ HH2(Y), and shown that all subsequent isomorphisms respect deformation classes, up until
defDb
dg
Coh(Y)(ξ) := KScat(ξ).
Automatic split-generation for the Fukaya category 23
References
[ABC+09] Paul Aspinwall, Tom Bridgeland, Alastair Craw, Michael R Douglas, Mark Gross, Anton Kapustin,
Gregory W. Moore, Graeme Segal, Bala´zs Szendro˝i, and P M H Wilson, Dirichlet branes and mirror
symmetry, Amer. Math. Soc., 2009.
[Abo10] Mohammed Abouzaid, A geometric criterion for generating the Fukaya category, Publ. Math. Inst.
Hautes ´Etudes Sci. 112 (2010), 191–240.
[AFO+ ] Mohammed Abouzaid, Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono, Quantum coho-
mology and split generation in Lagrangian Floer theory, In preparation.
[AS10] Mohammed Abouzaid and Ivan Smith, Homological mirror symmetry for the four-torus, Duke Math. J.
152 (2010), no. 3, 373–440.
[BG07] Roman Bezrukavnikov and Victor Ginzburg, On deformations of associative algebras, Ann. of Math.
166 (2007), no. 2, 533–548.
[CK99] David A Cox and Sheldon Katz, Mirror Symmetry and Algebraic Geometry, Amer. Math. Soc., 1999.
[CM07] K Cieliebak and K Mohnke, Symplectic hypersurfaces and transversality in Gromov-Witten theory, J.
Symplectic Geom. 5 (2007), no. 3, 281–356.
[CQ95] Joachim Cuntz and Daniel Quillen, Algebra Extensions and Nonsingularity, J. Amer. Math. Soc. 8
(1995), no. 2, 251–289.
[Ca˘l05] Andrei Ca˘lda˘raru, The Mukai pairing–II: the Hochschild–Kostant–Rosenberg isomorphism, Adv. Math.
194 (2005), no. 1, 34–66.
[CV10] Damien Calaque and Michel Van den Bergh, Hochschild cohomology and Atiyah classes, Adv. Math.
224 (2010), no. 5, 1839–1889.
[CW15] Francois Charest and Chris Woodward, Fukaya algebras via stabilizing divisors, arXiv:1505.08146
(2015).
[FOOO09] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono, Lagrangian intersection Floer theory
- anomaly and obstruction, Amer. Math. Soc., 2009.
[FOOO10] , Lagrangian Floer theory on compact toric manifolds, I, Duke Math. J. 151 (2010), no. 1,
23–175.
[Fuk02] Kenji Fukaya, Mirror symmetry of abelian varieties and multi-theta functions, J. Algebraic Geom. 11
(2002), 393–512.
[Fuk10] , Cyclic symmetry and adic convergence in Lagrangian Floer theory, Kyoto J. of Math. 50
(2010), no. 3, 521–590.
[Gan13] Sheel Ganatra, Symplectic Cohomology and Duality for the Wrapped Fukaya Category,
arXiv:1304.7312 (2013).
[GPS15] Sheel Ganatra, Tim Perutz, and Nick Sheridan, Mirror symmetry: from categories to curve counts,
arXiv:1510.03839 (2015).
[GS83] Murray Gerstenhaber and Samuel D Schack, On the deformation of algebra morphisms and diagrams,
Trans. Amer. Math. Soc. 279 (1983), no. 1, 1–50.
[GS88a] , Algebraic cohomology and deformation theory, Deformation theory of algebras and structures
and applications (Il Ciocco, 1986), Kluwer Acad. Publ., Dordrecht, 1988, pp. 11–264.
[GS88b] , The cohomology of presheaves of algebras. I: presheaves over a partially ordered set, Trans.
Amer. Math. Soc. 310 (1988), no. 1, 135–165.
[HKR62] Gerhard Hochschild, Bertrand Kostant, and Alex Rosenberg, Differential forms on regular affine
algebras, Trans. Amer. Math. Soc. 102 (1962), 383–408.
24 Perutz and Sheridan
[Kal07] Dmitry Kaledin, Some remarks on formality in families, Mosc. Math. J. 7 (2007), no. 766, 643–652.
[Kon95] Maxim Kontsevich, Homological algebra of mirror symmetry, Proceedings of the International
Congress of Mathematicians (Zurich, 1994) (1995), 120–139.
[Kon03] , Deformation quantization of Poisson manifolds, Lett. Math. Phys. 66 (2003), no. 3, 157–216.
[KS01] Maxim Kontsevich and Yan Soibelman, Homological mirror symmetry and torus fibrations, Symplectic
geometry and mirror symmetry, World Scientific (2001), 203–263.
[LO10] Valery Lunts and Dmitri Orlov, Uniqueness of enhancement for triangulated categories, J. Amer. Math.
Soc. 23 (2010), no. 3, 853–908.
[Lun10] Valery Lunts, Formality of DG algebras (after Kaledin), J. Algebra 323 (2010), no. 4, 878–898.
[LV05] Wendy Lowen and Michel Van den Bergh, Hochschild cohomology of abelian categories and ringed
spaces, Adv. Math. 198 (2005), no. 1, 172–221.
[MS04] Dusa McDuff and Dietmar Salamon, J-holomorphic Curves and Symplectic Topology, Amer. Math.
Soc., 2004.
[PS] Tim Perutz and Nick Sheridan, Foundations of the relative Fukaya category, In preparation.
[RS12] Alexander F. Ritter and Ivan Smith, The monotone wrapped Fukaya category and the open-closed string
map, arXiv:1201.5880 (2012).
[Sei02] Paul Seidel, Fukaya categories and deformations, Proceedings of the International Congress of Mathe-
maticians (Beijing) 2 (2002), 351–360.
[Sei08] , Fukaya categories and Picard-Lefschetz Theory, Eur. Math. Soc., 2008.
[Sei10] , Suspending Lefschetz fibrations, with an application to local mirror symmetry, Comm. Math.
Phys. 297 (2010), no. 2, 515–528.
[Sei14] , Homological mirror symmetry for the quartic surface, Mem. Amer. Math. Soc. 236 (2014),
no. 1116, 1–129.
[She13] Nick Sheridan, On the Fukaya category of a Fano hypersurface in projective space, arXiv:1306.4143
(2013).
[She15a] , Formulae in noncommutative Hodge theory, arXiv:1510.03795 (2015).
[She15b] , Homological mirror symmetry for Calabi-Yau hypersurfaces in projective space, Invent.
Math. 199 (2015), no. 1, 1–186.
[Swa96] Richard G. Swan, Hochschild cohomology of quasiprojective schemes, J. Pure Appl. Algebra 110
(1996), no. 1, 57–80.
[Toe¨06] Bertrand Toe¨n, The homotopy theory of dg-categories and derived Morita theory, Invent. Math. 167
(2006), no. 3, 615–667.
[Yek02] Amnon Yekutieli, The continuous Hochschild cochain complex of a scheme, Canad. J. Math. 54 (2002),
no. 6, 1319–1337.
Timothy Perutz, University of Texas at Austin, Department of Mathematics, RLM 8.100, 2515 Speedway Stop
C1200, Austin, TX 78712, USA.
Nick Sheridan, Department of Mathematics, Princeton University, Fine Hall, Washington Road, Princeton, NJ
08544-1000, USA.
